We discuss a scheme to relate the phase diffusion dynamics of the micromaser field to the measured atomic population statistics. This can allow us to measure the linewidth of the micromaser spectrum and to solve a relevant decoherence problem in cavity quantum electrodynamics. The main steps are (i) a suitable preparation of the cavity field state to generate coherences, (ii) the transfer of information on the dynamics of field coherences to probe atoms by the action of an external resonant coherent field and (iii) the derivation of the phase diffusion rate, hence the micromaser linewidth, from the measured population statistics of the probe atoms. The method can be applied even in the presence of trapping states, where peculiar linewidth oscillations are expected for increasing pump rate, due to the quantum nature of the micromaser field.
Introduction
In this paper we extend and generalize the analysis of [1] , where we proposed a scheme for measuring the micromaser linewidth, a relevant and still unsolved problem in cavity quantum electrodynamics [2] .
The one-atom maser, or micromaser [3] , has been the object of continuous interest as a fundamental system in the strong coupling regime of cavity QED. Recent achievements include the generation of photon number trapping states [4] and highly pure Fock states [5] of the cavity field, and the test of new ideas in the physics of quantum information [6] . Nevertheless, some basic aspects have remained elusive to the experiments, first of all the measurement of the micromaser spectrum and its linewidth, whose physical origin is the decoherence of the cavity field. The problem is even more stimulating when the micromaser operates at very low temperatures, where trapping states of the cavity field can occur [7] , inducing sharp minima in the mean photon number. In consequence, as predicted in a seminal paper on the micromaser spectrum [8] , linewidth oscillations are expected for increasing pump rate, at strong variance with the monotonic dependence of the SchawlowTownes laser linewidth [9] . Such oscillations are a direct manifestation of the quantum nature of the micromaser field.
Several proposals have been presented in the past for an experimental measurement of the micromaser linewidth. In [8] and [10] a Ramsey-type interferometric scheme was considered. Such a technique requires atoms in a coherent superposition of the ground and excited states, which needs further advances in current technology of very high-Q (closed) cavities. Other treatments approached the spectrum problem by investigating the field and atomic correlation functions [7, 11] . However, measurements related to the micromaser spectrum still remain as an experimental challenge for reasons we shall discuss in this paper.
Very recently, we proposed a realistic scheme for measuring the micromaser linewidth by monitoring the phase diffusion dynamics of the cavity field [1] . In this paper we present an extended version of our treatment, where in particular we discuss in detail its validity domain, suggest some improvements, and especially consider the application in the presence of trapping states, where the spectral properties of the system exhibit their most striking features as a consequence of the granularity of the micromaser field. We show that a reconstruction of the spectrum is feasible.
The paper is organized as follows. In section 2 we introduce all necessary background on micromaser dynamics. In section 3 we recall the main results obtained in formal and approximate treatments of the micromaser spectrum. Section 4 is the heart of the paper, where we present our ideas for experimental measurements of the micromaser spectrum, supported by the results of numerical simulations. Concluding remarks are reported in section 5.
Micromaser dynamics
The micromaser [3] is based on the implementation of the coherent Jaynes-Cummings interaction [12] between a single cavity mode and a single two-level atom in the strong coupling regime of cavity QED. Micromaser dynamics is ruled by the following master equation for the cavity field density operator ρ(t) [13] :ρ
which depends on the interplay between dissipation and amplification, described by the superoperatorsL andF, respectively:
In equations (2.1) and (2.2) τ is the interaction time, N ex = r/γ the effective pump rate (number of injected atoms per cavity lifetime γ −1 ), g the atom-field coupling frequency andn the mean thermal photon number. The micromaser master equation (MME) (2.1) was derived assuming that the characteristic times are ordered according to τ r
and the decays of atomic Rydberg levels are negligible, and by averaging over the Poisson distribution of atomic arrival times. Furthermore, it is written in the interaction picture, and time is taken in units γ −1 .
In the Fock basis {|n } the MME (2.1) couples only the density matrix elements ρ n+k,n on the same diagonal k, and we can limit ourselves to considering k 0 as ρ n+k,n = ρ * n,n+k . In particular, the time evolution of the diagonal terms ρ n,n ≡ p n , or populations, is decoupled from that of the off-diagonal terms ρ n,n+k , or coherences.
The time evolution of the density matrix elements ρ n+k,n can be written in the compact form [14] 
where the vector ρ (k) and the tridiagonal matrix
From the dynamics of the cavity field populations one derives the steady-state photon statistics [13] : Figure 1 shows the behaviour of N SS as a function of the dimensionless pump parameter, = gτ N ex , (2.6) both for realistic cavity temperatures (mean thermal photon numbern = 0.03, figure 1(a)) and in the limit of vanishing temperature ( figure 1(b) ). The threshold is at = 1, and maximum amplification occurs near = π/2, where N SS ≈ N ex . In this region and in correspondence with the next minor peaks the photon statistics is super-Poissonian, whereas outside these regions the micromaser field exhibits a subPoissonian statistical behaviour, that has been experimentally observed [15] . This result confirmed the intrinsically quantum nature of the micromaser field, where non-classical effects can show up, which are usually lost or greatly reduced in conventional lasers/masers. In the example the pump rate is low enough (N ex = 16) that another striking effect shows up as a fine structure of sharp minima of N SS for pump parameter 1.8π. Actually, for vanishing temperature, wheren → 0, for cavity photon numbers n q (n q = 0, 1, . . .) such that sin 2 (gτ n q + 1) = 0, (2.7)
the steady-state photon statistics (2.5) is truncated past n q : p n = 0 (n = n q + 1, n q + 2, . . .). Equation (2.7) implies that atoms, injected in a given state in a cavity with n q photons, leave it in the same state after completing an integer number of Rabi oscillations. Hence the cavity photon number remains unchanged, or trapped at n = n q [7] . Experimental evidence for trapping states was recently reported by Walther and co-workers [4] , in spite of their fragility versus thermal fluctuations, atomic velocity spread and atomic collective effects. By operating the micromaser in the trapping regime, the Garching group could report on the realization of cavity field Fock states [5] . All mentioned experimental results are most remarkable since in the micromaser set-up the cavity is not accessible for measurements; all information about the cavity field must be derived from measurements on the atoms which leave the cavity after interacting with the field. The basic example is the counting of atoms leaving the cavity in the excited (e) or ground (g) state of the resonant transition by means of selective field ionization. The relevant probabilities are
From equation (2.8) one can derive the mean photon number of the stationary cavity field:
Also, the result (2.8) shows the dependence of atomic probabilities only on the micromaser field photon statistics; atoms carry no information about coherences.
On the other hand, coherences rule the phase and spectral properties of the micromaser field. However, the energy entanglement between atoms and cavity photons does not imply the excitation of field coherences. Even if they are induced, e.g. by preparation of the cavity mode in a coherent state, dissipation makes them decay so that the steady-state density matrix of the micromaser field is always diagonal. It follows that the stationary expectation value of the cavity field vanishes as well, Ê SS = 0, because
Phase and coherence properties of the micromaser field were recently investigated when a resonant coherent field continuously drives the cavity mode and/or the pump atoms are injected in superposition states [16] .
The micromaser spectrum
The spectrum is defined [17] as the Fourier transform of the two-times correlation function of the cavity field:
, where t 0 is taken at steady state.
Exact treatment
The problem of the micromaser spectrum was formally solved about ten years ago [14] . The starting point is the formal solution of the MME in the Fock basis, (2.3), i.e.
3) and B(k) the unitary matrix whose columns are the eigenvectors
From the solution (3.1) for k = 1 we can derive the steady-state two-times correlation function:
where
The Fourier transform of (3.2) is
Hence the micromaser spectrum is a sum of Lorentzians, all centred on the system resonance frequency (that is taken as zero for simplicity) if the eigenvalues are real; the mth Lorentzian is weighted by the coefficient W m (t 0 ) and its linewidth (half width at half maximum, HWHM) is given by (the real part of) the eigenvalue λ (1) m . Also in macroscopic lasers/masers the spectrum is formally a sum of Lorentzians; however, above threshold, it reduces to a single Lorentzian for all practical purposes. In the micromaser, as we shall see, the situation is more complex.
In fact, from the formal solution (3.1) with k = 1, we obtain
From (2.10) and (3.5) it follows that the time dependence of the mean cavity field is the same as for the two-times correlation function (3.2), in agreement with the quantum regression theorem [18] . In principle the eigenvalues λ (1) m could be derived by fitting the time evolution of the cavity field, bypassing the correlation function. An implementation is however ruled out by the mentioned difficulties due to the lack of direct access to the cavity field and lack of information on coherences available from measurements of outgoing atom populations.
Phase diffusion model
A physically appealing approach to the micromaser spectrum had been previously developed by Scully et al [8] , who applied the Scully-Lamb treatment of laser theory [9] . Let us briefly summarize the conditions under which micromaser operation can be described as a pure phase diffusion process.
First of all, the time evolution (2.4) of the field density matrix is approximated as follows:
This implies that in the MME (2.3) the evolution matrix A
is diagonal: 9) and the eigenvalues are
It follows that the correlation function (3.2) becomes
, whereas the mean cavity field (2.10) evolves as
By further assuming that, for all relevant values, µ m (k) is a slowly varying function of m for any k that can be approximated by a constant, we can set
In this case the correlation function (3.11) exponentially decays with a single rate D ≡ D 1 :
Hence, the micromaser spectrum reduces to a single Lorentzian with HWHM equal to D:
Likewise from (3.12) we derive an exponential decay at the rate D for the mean cavity field: 16) in agreement with a laser-like phase diffusion picture of micromaser operation. Scully et al [8, 14, 19] derived expressions for the decay rate D at different levels of approximation. First of all, from (3.8) with k = 1, we can obtain a decay rate independent of m by replacing m with N SS everywhere, so that D = 
The expression (3.18b) most explicitly shows the inverse dependence of micromaser linewidth on the stationary mean photon number, just like in the celebrated Schawlow-Townes laser formula [9] . Here a relevant point is that, by contrast with conventional lasers/masers where the linewidth grows up monotonically with the pump rate, micromaser linewidth oscillations are expected, due to the oscillating behaviour of the stationary mean photon number. This peculiar behaviour should be most apparent in the trapping regime, where the presence of trapping states implies sharp minima of N SS . These predictions stimulated further investigations [20] and several proposals for experimental observations, as mentioned in the introduction, which remain an open experimental challenge.
A scheme for measuring the micromaser linewidth

Encoding the information on coherence dynamics
The first step in our scheme [1] is the preparation of the cavity field in a coherent state |α such that the mean photon number |α| 2 is equal to the micromaser stationary value N SS , so that the photon statistics closely approximates the stationary one:
In order to extract the basic information on coherence evolution, we suggest a strategy based on the following steps during the system dynamics:
(i) to interrupt the flux of the pump atoms at any time t in the transient regime; (ii) to apply an external resonant coherent field or counterfield |−α so that the displaced field photon statistics encodes the information on micromaser coherences; (iii) to measure the populations of probe atoms entangled with the displaced field.
The application of the counter-field is described by the unitary displacement operator [9] ,D(−α) =D + (α), mixing diagonal and off-diagonal elements of the diffused cavity field.
Then, the new photon statistics as a function of the diffusion time t reads p n (t) ≡ρ n,n (t) = n|D(−α)ρ(t)D(α)|n
= ∞ i, j =0
n|D(−α)|i j |D(α)|n ρ i, j (t).
(4.1)
When t = 0, the photon statistics (4.1) is simply the one associated with the vacuum state. Next, an excited probe atom is injected in the cavity; from (2.8) the probability that it is detected in the excited state after a transit time τ p is By using the formal solution (3.1) we can rewrite (4.2) in the more suitable form
Now we have to solve a kind of inverse problem in cavity QED, namely, to extract from the measured atomic statistics-our scattering data-the information on the decay of coherences ρ n,n+1 (t) that is hidden inp n (t).
Pure phase diffusion dynamics
The simplest situation occurs when the micromaser dynamics can be well approximated by a pure diffusion process (section 3.2). This condition is exactly realized when the micromaser operates in the condition of maximum amplification. In this case, we can prepare the cavity field in a coherent state whose photon statistics is equal to the stationary photon statistics: p α n = p SS n . So the photon statistics does not change during micromaser operation, and the decay of the off-diagonal elements due to phase diffusion can be singled out from other incoherent processes, allowing us to establish a non-dissipative decoherence dynamics.
We numerically simulate the micromaser dynamics by a Monte Carlo wavefunction technique [21] , successfully applied to the investigation of other problems in the micromaser [16] . In figure 2 we show the field density matrix ρ n,n (0) of the initial coherent state and also the diagonal form of the steady state at the end of the diffusion process after the progressive vanishing of the field coherences. The diffusive process can be well described in the phase space associated with the cavity mode. In figure 3 we show the evolution of the Husimi function, Q(α) = π −1 α|ρ|α , from the initial coherent state to a stationary state with vanishing mean value and no preferred phase. The expected exponential decay of Ê (t), equation (3.16) , is well reproduced in the numerical simulations as shown in figure 4 . Consequently, the phase diffusion rate can be easily derived; in this example D ∼ = 0.029, in good agreement with the approximate analytical expressions (3.17) and (3.18). As we pointed out, however, this behaviour can be neither directly observed, nor even inferred from measurements on the populations of outgoing atoms.
In order to extract the information on coherence dynamics we exploit the time dependence of the photon statisticsp n (t). In the phase diffusion regime there is only one decay rate D k for all coherences of the same diagonal ρ i,i+k (t) . If the probe atom is injected in the cavity at times t D −1 , all coherences ρ i,i+k (t) for k 2 have already vanished, while the diagonal density matrix elements do not evolve because the initial photon statistics is the stationary one. Hence, the only contributions top n (t) in (4.3) are given by the terms with k = 0, 1. Therefore we can rewrite the atomic probability (4.3) asp
and
Equation (4.5) shows thatp e (t, τ p ) as a function of t is ruled by the phase diffusion rate D, providing a simple and direct link between the experimental data and the micromaser linewidth. The quantities K τP andp e (∞, τ p ) can be directly calculated from the initial conditions and the experimental parameters. In figure 5 we showp e (t, τ p ) as obtained from the numerical simulations of the whole scheme, using the MME (2.3), with τ p = τ . The time evolution ofp e (t, τ p ) shows a minimum that is followed, for t D −1 , by an exponential approach to the asymptotic valuep e (∞, τ p ) . The latter behaviour can be fitted by equation (4.5), as shown in figure 5 , thus allowing us to derive the phase diffusion rate D, quite in agreement with the value calculated from figure 4.
Also note that the whole time evolution ofp e (t, τ p ) can be fitted by including the decays of the coherences at the rates
In other cases than reported here or in [1] , it may occur that the exponential approach to the asymptotic valuep e (∞, τ p ) is not appreciable for practical purposes. We checked that, in this case, one can exploit the possibility that the transit time τ p of the probe atom is different from the transit time τ of the pump atoms. Actually, by a suitable choice of τ p , one can easily recover a situation wherep e (t, τ p ) exhibits an appreciable minimum, that is a suitable time behaviour for measurement purposes. Furthermore, we can consider a transit time of the probe atom such that 2gτ P √ n + 1 1 for all relevant Rabi frequencies in the atomic probability (4.2). In this case, the probability for the outgoing probe atom to be detected in the ground state,p g (t, τ p ) = 1−p e (t, τ p ), can be well approximated bỹ
Now the crucial point is provided by the expression of the mean photon number of the back-shifted field:
Here we have used the properties of trace and of the displacement operatorD, with the implications of our starting assumptions:
. Equation (4.9) shows that the mean photon number of the displaced field grows up exponentially just with the phase diffusion rate D. Replacing the result (4.9) into (4.8) we obtain another simple and direct link between measured atomic populations and phase diffusion rate. We remark that this criterion based on equation (4.8) holds even in the initial stage of the diffusion process, t < D −1 . The condition of pure phase diffusion can also be well approximated around the maximum amplification condition, i.e., from the micromaser threshold to the trapping region, as shown in figure 6 where we compare the HWHM calculated from (3.4) with the linewidth of a single Lorentzian given by (3.17). 
Trapping state regime
For high enough pump parameter values, as for 1.8π in figure 1 , the micromaser operates in the trapping regime. We consider the region around the most relevant trapping state, at = 4π. Figure 7 shows the comparison between the HWHM of the spectrum numerically calculated from the treatment of section 3.1, equation (3.4) , and the Lorentzian derived from the pure phase diffusion model with decay rate (3.17) . We see a good agreement up to = 3.9π, where the phase diffusion picture still provides a realistic description; however, the linewidth is overestimated close to the trapping state. Figure 8 shows, for example in the case = 3.8π, the comparison between the spectra: the two linewidths turn out to agree within 4%. Hence our method can also work quite well in the trapping regime, allowing the observation of the linewidth oscillations for increasing pump rate which are peculiar to micromaser dynamics. For instance, in figure 9 we show that for = 3.8π the time evolution of the probability two different rates, that is beyond a straightforward application of the pure phase diffusion model. In figure 10 we show a comparison between the two spectra. We remark that a sharp enhancement of the measured diffusion rate at = 4π would be the signature of the presence of a trapping state. However, even for operation in a trapping state our method can be generalized so that a quantitative prediction on the spectrum is feasible. Actually, we can include two exponential decays with different rates, λ 1 and λ 2 , for the relevant coherences ρ i,i+1 (t) in (4.3) and (4.4); the full spectrum can be then reconstructed as a sum of two Lorentzians whose parameters are again obtained by a suitable numerical fit ofp e (t, τ p ). Even the eigenvalues for the diagonal density matrix terms could be included, if necessary, since the photon statistics of the initial coherent state (where |α| 2 ∼ = N SS ∼ = 2) cannot closely match the very peculiar trapping state stationary photon statistics.
As a final remark we mention that micromaser operation with higher pump rates, e.g., N ex = 50, does allow observation of linewidth oscillations for increasing pump rate even in the absence of trapping effects, due to the kind of damped oscillation behaviour, strongly reminiscent of the Rabi oscillations, that is typically exhibited at steady state by the mean photon number of the micromaser field.
Conclusions
We have discussed the relation between the micromaser spectrum and the phase diffusion dynamics of the cavity field. On that basis we have presented a scheme for S465 measuring the spectrum, based on monitoring the nondissipative decoherence of the cavity field.
The measurement of the spectrum is a relevant and still unsolved problem, mainly because the cavity field is not accessible to measurements in the micromaser set-up, and furthermore, measurements of the populations of atoms leaving the cavity provide information only on field photon statistics, whereas the spectrum properties depend on field coherences. Our central suggestion is that, after a suitable preparation of the system to single out a pure diffusion dynamics, the cavity field is displaced in such a way that measurements on probe atoms leaving the cavity do also carry information on the coherence dynamics of the (undisplaced) cavity field. The final step is the extraction of this information from the measurement results; we have indicated two different approaches to this non-trivial problem.
The nucleus of this proposal was formulated in [1] . Here we have expanded and elaborated on that proposal, suggesting some improvements and extensions. In particular we have discussed the feasibility of the scheme when the micromaser operates in the presence of trapping states, that are non-classical states of the cavity field, and where a straightforward application of the phase diffusion model is not always adequate. This regime is especially relevant since the oscillations of the micromaser linewidth as a function of the pump rate, expected due to the oscillations of the steady-state mean photon number, can be enhanced by trapping effects. This behaviour has no analogue in conventional lasers/masers and originates from the quantum nature of the cavity field.
An experimental implementation of the scheme is currently planned in order to unveil the peculiar properties of the micromaser spectrum.
